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Developing stable controllers for large-scale networked dynamical systems. 
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Network Generalizability
Theorem 1 Suppose each subsystem has a decentralized controller 
𝑢! = 𝜋! 𝑥!  and a continuously differentiable function 𝑉! 𝑥! . Suppose 
(1) For each 𝑖, there exists 𝒦" functions 𝛼!, )𝛼! such that 

𝛼!dist 𝑥!, 𝒳!
#$%& ≤ 𝑉! 𝑥! ≤ )𝛼!dist 𝑥!, 𝒳!

#$%& ; (2) For each 𝑖, there 
exists 𝛼! > 0 and class-𝒦 functions 𝜒!', 𝑗 ∈ 𝒩! satisfying 𝜒!' 𝑎 <
𝑎, ∀𝑎 > 0, such that ∀𝑥!, 𝑥𝒩! , 

𝑉! 𝑥! ≥ max
'∈𝒩!

𝜒!' 𝑉' 𝑥'

⇒ ∇𝑉! 𝑥! *𝑓! 𝑥!, 𝑥𝒩! , 𝜋! 𝑥! ≤ −𝛼!𝑉! 𝑥! .
Then, the closed-loop system under controller 𝜋+, … , 𝜋, is globally 
asymptotically stable around 𝒳#$%&. Such functions 𝑉! 𝑥!  are called ISS 
Lyapunov functions. 

Scalability

Theorem 3 Given a networked dynamical system with control-affine dynamics with bounded parametric uncertainty 𝛽 ∈ ℬ, where ℬ is the 
convex hull of parameters 𝛽+, 𝛽-, … , 𝛽," . If there exists ISS Lyapunov functions 𝑉! satisfying the conditions for each 𝛽', 𝑗 ∈ 1,2, …𝑛. , the 
dynamics ℎ! and 𝑔' are affine with respect to 𝛽, then the closed-loop system is globally asymptotically stable with any 𝛽 ∈ ℬ. 

Robustness

Learning Neural ISS Lyapunov functions (NeurISS)
Sharable ISS-Lfs and Controllers

ISS-LF

Controller

How to encode the ”imply” condition?

𝐴! = 𝑉! 𝑥! ≥ max
'∈𝒩!

𝜒!' 𝑉' 𝑥' , 𝐵! = ∇𝑉! 𝑥! *𝑓! 𝑥!, 𝑥𝒩! , 𝜋! 𝑥! ≤ −𝛼!𝑉! 𝑥!
The “imply” condition: 𝐴! ⇒ 𝐵! is the same as ¬𝐴! ∨ 𝐵!, or max ¬𝐴!, 𝐵! . 

 ℒ/! = ReLU 𝑉! 𝑥! −max
'∈𝒩!

𝜒! 𝑉'(𝑥' + 𝜖/ ,

 ℒ0! = ReLU ∇𝑉! 𝑥! *𝑓! 𝑥!, 𝑥𝒩! , 𝜋! 𝑥! + 𝛼!𝑉! 𝑥! + 𝜖0 ,
 ℒ = ∑!1+, ∑

2!
#$%& 𝑉! 𝑥!

#$%& + 𝜇/!ℒ/! + 𝜇0!ℒ0! + 𝜇345& 𝜋! 𝑥! − 𝑢!6$7 - .

NeurISS PPO MAPPO NCLF LQR (Nominal) Droop (Nominal)LYPPO

Networked Microgrids

Power Grid (8 buses)

Truck Platoon

5 trucks 100 trucks

Drone Formation Control

4 drones 100 drones

Website

Theorem 2 Consider a networked dynamical system 𝒩,𝒩!, 𝑓! 
with ISS Lyapunov functions 𝑉!. Suppose there is another system 
Y𝒩, Y𝒩!, Z𝑓!. Suppose for each 𝑗 ∈ Y𝒩, there exists a one-to-one 

map 𝜏': 𝑗 ∪ Y𝒩' → 𝒩 such that 𝜏' Y𝒩' = 𝒩8' ' , and Z𝑓' =
𝑓8' ' . Further, suppose ∀𝑗, 𝑗9 ∈ Y𝒩,∀𝑙 ∈ Y𝒩' ∩ Y𝒩'( , we have 
𝑉8' : = 𝑉8'( 𝑙 . Then a𝜋' = 𝜋8' '  is a stabilizing controller for the 

new system with compositional certificate b𝑉' = 𝑉8' 𝑗 .

Loss

The IEEE 123-node test feeder divided into 5 
subsystems. We want to stabilize the 
frequency and the voltage. 

Baselines: Centralized: PPO (Proximal Policy Optimization), LYPPO (PPO with Lyapunov critic), NCLF (Neural centralized CLF); 
   Decentralized: MAPPO (Multi-agent PPO), LQR (Linear Quadratic Regulator)

Voltage control with 8-bus power grid

Keep the platoon formation and track 
some unknown speed profile. We train on 
5 trucks and test on both 5 and 100 trucks.

Keep the drone formation and track some 
unknown speed profile. We train on 4 
drones and test on both 4 and 100 drones.


